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GROUPS WHICH CONTAIN AN ABELIAN SUBGROUP OF PRIME 

INDEX. 

By G. A. Miller. 

§ 1. Introduction. 

A necessary and sufficient condition that an abelian group contains a 
subgroup of index p, p being a prime number, is that the order of this 
group is divisible by p. In what follows we shall therefore assume that 
the group G under consideration is non-abelian, and we shall use the symbol 
H to represent an abelian subgroup of index p contained in G. From the 
fact that every subgroup of prime index in any group is maximal, it results 
that H is a maximal subgroup of G. If H is non-invariant any two con- 
jugates of H must therefore generate G, and the common operators of 
these two conjugates must constitute the central of G. In fact, it is evident 
that the common operators of any two conjugate abelian maximal sub- 
groups* must always constitute the central of a group, but the central is 
not necessarily contained in two such subgroups. 

Every subgroup of index p under any group includes 1/p', p' <* p, 
of the operators of every other subgroup of this group. We proceed to 
prove that p' < p whenever the two subgroups in question are conjugate 
and to deduce a few results from this theorem. Suppose that K h K 2 
are two conjugate subgroups of index n under the group K, and let K 
represent the subgroup formed by all the common operators of Ki and 
K 2 . Since the index n' of K under Ki cannot exceed n, it is only necessary 
to prove that we arrive at an absurdity by assuming n' = n. If n' were 
equal to n all the operators of K could be represented in the form SiS 2 , 
where Si represents any operator of K h and s 2 represents any operator of 
K 2 . It results therefore that all the conjugates of K i would be transforms 
of Ki under K 2 . This is impossible since the operators of K 2 cannot trans- 
form Ki into K 2 . It has therefore been proved that n' < n. That is, 
the index of the subgroup formed by the common operators of two conjugate 
subgroups, under either of these subgroups, is always smaller than the index 
of one of these two conjugate subgroups under the entire group. 

From the theorem which has just been quoted it is very easy to derive 
the known theorem that every subgroup of index p in a group of order p m 



* It should be observed that an abelian maximal subgroup is also a maximal abelian subgroup 
but the converse is not necessarily true. 
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is invariant. If such a subgroup were not invariant there would be two 
conjugate subgroups of this order. The common operators of these sub- 
groups would constitute a subgroup whose index would be less than p 
under each of these conjugate subgroups. As this index must also be a 
divisor of p m_1 it must be unity. That is, the two subgroups in question 
must be identical, and hence every subgroup of index p in a group of order 
p m is invariant. This theorem is also known to be a special case of the 
following theorem. In a group of order p m every non-invariant subgroup 
is transformed into itself by at least p of its conjugates.* 

The theorem in italics includes also the well known theorem that a sub- 
group of index 2 is necessarily invariant. If there were two conjugate sub- 
groups of this index their common operators would constitute a subgroup 
whose index under each of these two conjugate subgroups would be less 
than 2, and hence this index would be unity. It is also evident that two 
conjugate subgroups of index 3 must always have exactly half their oper- 
ators in common, and these common operators constitute an invariant sub- 
group of the entire group. 

It results directly from the properties of a direct product that the index 
of the subgroup formed by the common operators of two invariant sub- 
groups, under either of these subgroups, is not always smaller than the index 
of one of these subgroups under the entire group. In fact, if a group G 
contains two invariant subgroups G\, G 2 of the same prime index p, all the 
common operators of G u G 2 constitute an invariant subgroup Go of G, 
since all the common operators of any two invariant subgroups constitute 
an invariant subgroup. As p divides the orders of all the operators of G 
which are not contained in G , we have proved the theorem: The common 
operators of two invariant subgroups of the same prime index p constitute an 
invariant subgroup of index p under each of these two invariant subgroups. 

§ 2. Groups in which an abelian subgroup of prime index is non-invariant. 

Since If is a non-invariant subgroup of index p under G the central of 
G must be a subgroup of H whose index under H is less than p and p > 2. 
Hence the p conjugates of H are transformed under G according to the 
metacyclic group of order p(p — 1) or according to an invariant subgroup 
of this group. This transformation group is evidently simply isomorphic 
with the central quotient group of G, and hence it follows that the index of 
the central of G under H is a divisor of p — 1. If i represents this index, 
the order of the cental quotient group of G is ip, and it is evident that any 
possible isomorphism between the group of order ip contained in the meta- 

* American Journal of Mathematics, vol. 23 (1901), p. 173. 



GROUPS WHICH CONTAIN AN ABELIAN SUBGROUP OF PRIME INDEX. 97 

cyclic group of order p(p — 1) and any abelian group whatever will result 
in a group which involves an abelian non-invariant subgroup of index p. 
It should be observed that direct products are to be included among these 
possible isomorphisms. We proceed to prove that, conversely, every 
possible group which involves non-invariant abelian subgroups of index p 
can be obtained by establishing such an isomorphism. 

To prove this theorem we may first observe that each of the Sylow 
subgroups of G is abelian and that the independent generators of the 
Sylow subgroup of order p m may be so selected that all except one of them 
are in the central of G. The one which is not in this central is of order p 
and generates the commutator subgroup of G. In fact, if s is any operator 
of G which is not in the abelian group generated by the central of G and 
the Sylow subgroup of order p m , it follows that s transforms a cyclic subgroup 
of the Sylow subgroup of order p m into itself, since the number of the cyclic 
subgroups of order p a , in any group of order p m , which do not have their 
generators in a given non-cyclic subgroup of order p m_1 is always a multiple 
of p, p > 2* Since the order of s is prime to p and since the pth powers 
of the generators of the cyclic subgroup of order p a which s transforms into 
itself are invariant, it results that a = 1 and that this cyclic subgroup is 
the commutator subgroup of G, as was observed above. 

From the preceding paragraph it follows that whenever the order of G 
is divisible by p m , m > 1, G must be a direct product of an abelian group 
of order p m ~ l and of some other factor group. It also results that all the 
Sylow subgroups of G whose orders are prime to ip, if such Sylow subgroups 
exist in G, are proper factors of G; that is, G is the direct product of these 
factor groups and of some other subgroup. Hence it results that G may 
be constructed by establishing an isomorphism between an abelian group and the 
group of order ip contained in the metacyclic group of order p(p — 1), whenever 
G contains a non-invariant abelian subgroup of index p. 

It has been observed that G is divisible whenever any one of its Sylow 
subgroups is contained entirely in its central, and also when the order of 
G is divisible by p 2 . Suppose that G does not satisfy either of these two 
conditions. Hence G may be obtained by establishing an isomorphism 
between an abelian group G\, whose order does not involve any factor which 
is prime to i, and the invariant subgroup G 2 of order ip contained in the 
metacyclic group of order p(p — 1). It is also clear that Gi is cyclic when- 
ever G is indivisible since the Sylow subgroups of G 2 are cyclic. Moreover, 
G cannot be indivisible when G involves the direct product of any Sylow 
subgroup of (?i and a Sylow subgroup of (? 2 , or when the order of a Sylow 
subgroup of Gi is equal to or less than the order of the corresponding 

* Proceedings of the London Mathematical Society, series 2, vol. 2 (1905), p. 142. 
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Sylow subgroup of G 2 and the isomorphism between these Sylow subgroups 
is a, #, where a > 1. Hence we are led to the following theorem: In order 
that an indivisible group G involves a non-invariant subgroup of index p, it 
is necessary and sufficient that the following three conditions are satisfied: 
G may be constructed by establishing an isomorphism, between a group Gz of 
order ip, i > 1, contained in the metacyclic group of order p(p — 1) and a 
cyclic group Gi whose order involves no prime factors except those of i; in this 
isomorphism there is a (1, a) correspondence between the operators of two 
Sylow subgroups contained in G\ and G 2 respectively, whenever the order of the 
Sylow subgroup of Gi does not exceed the order of the corresponding Sylow sub- 
group of (? 2 ; the isomorphism between two Sylow subgroups of G\ and Gz re- 
spectively is not a direct product unless the former of these subgroups is the 
identity. 

§ 3. Groups in which an abelian subgroup of prime index is invariant. 

It results from the preceding section that G cannot involve both an 
invariant and also a non-invariant abelian subgroup of the same prime 
index. From the theorem proved at the end of the Introduction it follows 
that the non-abelian group G contains exactly p + 1 abelian subgroups of 
prime index p whenever it contains more than one such subgroup. When 
G contains p + 1 such subgroups the central quotient group of G is the 
non-cyclic group of order p 2 , and the common operators of these p + 1 
invariant abelian subgroups constitute the central of G. As H is the direct 
product of its Sylow subgroups, G is the direct product of an abelian group 
whose order is prime to p and of a non-abelian group of order p m , m > 2, 
whenever G contains more than one invariant abelian subgroup of index p. 
This non-abelian group of order p m contains exactly p + 1 abelian subgroups 
of order p m ~ l . 

As every direct product of an abelian group and of a non-abelian group 
of order p m which contains more than one abelian subgroup of order p"*"" 1 , 
evidently constitutes a non-abelian group involving more than one abelian 
subgroup of index p, it results that a necessary and sufficient condition that 
a non-abelian group contains more than one abelian invariant subgroup of 
index p is that it satisfies the conditions imposed on G in the theorem of the 
preceding paragraph. It also results from this theorem and from those of 
the preceding section that every non-abelian group which contains more 
than one abelian subgroup of index p has a commutator subgroup of order 
p, and these abelian subgroups are invariant or non-invariant as the com- 
mutators of order p are invariant or non-invariant under the entire group. 
As a very elementary illustration of this theorem it may be observed that 
the dihedral group of order 2p contains non-invariant commutators of 
order p and hence its abelian subgroups of index p are non-invariant. 
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In what follows we shall assume that H is cyclic and we shall first consider 
the case when p = 2. It will be convenient to assume that the order h 
of H is written in the form 

h = 2 a °p 1 "'p 2 « • • • p x "\ 

where pi, p 2 , • • •, Pk are distinct odd prime numbers and all the exponents 
a\, <x 2 , • • • , ot\ exceed 0. Since the group of isomorphisms of the cyclic 
group of order p m , p > 2, involves one and only one operator of order 2 
it results that the number of possible non-abelian G's, when a = 0, is given 
by the formula 

x + MX_^) + Mx-lKx-2) + ... + x + 1 _ (1 + 1)> _ 1 = 2> _ 1 _ 

It may be observed that the number of these groups depends only on X 
and not upon the values of ai, a 2 , • • •, a k . The formula follows directly 
from the fact that the operator of order 2 which must be adjoined to H to 
generate G may transform the Sylow subgroups of H in as many different 
ways as the integer expressed by this formula. 

When ceo = 1, H involves an operator of order 2 which is invariant under 
G and may be either dihedral or dicyclic. There are therefore just twice 
as many possible groups in this case as in the case which has just been 
considered. That is, the number of possible non-abelian groups when 
a — 1 is given by the formula 2 X+1 — 2. When a = 2 the group of iso- 
morphism of the Sylow subgroup of order 4 in H involves also one operator 
of order 2, and hence the number of possible non-abelian groups in this 
case is 2 K+2 - 2. 

It remains to consider the case when a ^ 3. In this case we have to 
add to the groups just considered those which result when the operators 
of the Sylow subgroup of order 2 a " in H are transformed either into their 
2«<>- 1 — 1 or into their 2" 0-1 + 1 powers. That is, we have to add twice the 
number of the possible groups when a = 0, including the case when the 
group is abelian. Hence the possible number of non-abelian groups in this 
case is given by the formula 

2*+ 2 _ 2 + 2 K+ \ 

As the number of the possible abelian groups which contain a cyclic 
subgroup of order h is 2 when h is even and only one when h is odd we have 
established the following theorem, which includes abelian groups: If X 
represents the number of the distinct odd prime factors of the order h of a cyclic 
group H, there are exactly 2* groups of order 2h which include H whenever h is 
an odd number, and there are exactly 2 X+1 such groups when h is the double 
of an odd number. When h is divisible by 4 but not by 8 the number of these 
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possible groups is 2* +2 , and this number is 3.2 x+l when h is divisible by 8. 
Although this theorem was developed under the assumption that X > 
it is clearly true also when X = 0. It may be observed that the number 
of these distinct groups increases rapidly with the number of the distinct 
prime factors of the order of the given cyclic group. For instance, there 
are 24 distinct groups of order 240 which include a common cyclic subgroup 
of order 120. 

When the prime index p of the invariant cyclic subgroup H contained 
in the non-abelian group G is odd, it follows that either p 2 divides h or that 
p divides at least one of the numbers p\ — 1, p 2 — 1, • • •, p K — 1. If 
p 2 divides h, we let y — 1 represent the number of the numbers p\ — 1, 
pi — 1, • • •, p x — 1 that are divisible by p, and, if p 2 does not divide h, 
we let 7 represent this number. As the group of isomorphisms of the 
cyclic group of order p m is cyclic and of order p m ~ 1 (p — 1), while the group 
of isomorphisms of the cyclic group of order 2 m is of order 2 m_1 , it is easy to 
see that the number of the distinct possible non-abelian groups of order hp 
which include H is given by the following formula: 

y + ^(p- 1)7(7 - 1) + ^j (p - D 2 T(7 - D(7 - 2) + • • • + (p - I)*" 1 . 

If we combine this formula with the theorem of the preceding paragraph 
and observe that the number of abelian groups of order hp, which include 
H, is 2 or 1 according as h is or is not divisible by p, we obtain the total 
number of the groups of order hp which include the cyclic group H as an 
invariant subgroup of prime index. 



